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MATCHING NUMBERS AND DIMENSION OF EDGE IDEALS
AYANA HIRANO AND KAZUNORI MATSUDA
ABSTRACT. Let G be a finite simple graph on the vertex set V (G) = {x1, . . . ,xn} and
match(G), min-match(G) and ind-match(G) the matching number, minimum matching
number and induced matching number of G, respectively. Let K[V (G)] = K[x1, . . . ,xn]
denote the polynomial ring over a field K and I(G)⊂ K[V (G)] the edge ideal of G. The
relationship between these graph-theoretic invariants and ring-theoretic invariants of the
quotient ring K[V (G)]/I(G) has been studied. In the present paper, we study the relation-
ship between match(G), min-match(G), ind-match(G) and dimK[V (G)]/I(G).
INTRODUCTION
Let G= (V (G),E(G)) be a finite simple graph (i.e. a finite graph with no loop and no
multiple edge) on the vertex set V (G) = {x1, . . . ,xn} with the edge set E(G). A subset
M = {e1, . . . ,es} ⊂ E(G) is said to be a matching of G if, for all ei and e j with i 6= j
belonging toM, one has ei∩ e j = /0. A matchingM of G is maximal ifM∪{e} cannot be
a matching of G for all e ∈ E(G)\M. A matching M = {e1, . . . ,es} ⊂ E(G) is said to be
an induced matching of G if for all ei and e j with i 6= j belonging to M, there is no edge
e ∈ E(G) with e∩ ei 6= /0 and e∩ e j 6= /0. The matching number match(G), the minimum
matching number min-match(G) and the induced matching number ind-match(G) of G
are defined as follows respectively:
match(G) = max{|M| :M is a matching of G};
min-match(G) = min{|M| :M is a maximal matching of G};
ind-match(G) = max{|M| :M is an induced matching of G}.
It is known that ind-match(G) ≤ min-match(G) ≤ match(G) ≤ 2min-match(G) holds
for all finite simple graph G ([4, Proposition 2.1]). It is also known that there exists a
finite connected simple graph Ga,b,c with ind-match(Ga,b,c) = a, min-match(Ga,b,c) = b
and match(Ga,b,c) = c for all positive integers a,b,c satisfying 1 ≤ a ≤ b ≤ c ≤ 2b ([4,
Theorem 2.3]). A classification of finite connected simple graphsG with ind-match(G) =
min-match(G) = match(G) is given ([1, Theorem 1], [3, Remark 0.1]). Such graphs are
studied in [3, 6, 11] from a viewpoint of commutative algebra. In addition, finite simple
graphs G with ind-match(G) = min-match(G) are also studied in [4].
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Let G = (V (G),E(G)) be a finite simple graph on the vertex set V (G) = {x1, . . . ,xn}
with the edge set E(G). Let K[V (G)] =K[x1, . . . ,xn] be the polynomial ring in n= |V (G)|
variables over a field K with each degxi = 1. The edge ideal of G is the ideal
I(G) =
(
xix j : {xi,x j} ∈ E(G)
)
⊂ K[V (G)].
Edge ideals of finite simple graphs have been studied by many researcher, see [2, 10, 14]
and their references. Let reg(G)= reg(K[V (G)]/I(G)), degh(G)= degh(K[V (G)]/I(G))
and dim(G) = dimK[V (G)]/I(G) denote the regularity, the degree of the h-polynomial
(see [5, p.312]) and the dimension of the quotient ring K[V (G)]/I(G), respectively. In
general, degh(G)≤ dim(G) holds. Moreover, reg(G) = degh(G) holds if K[V (G)]/I(G)
is Cohen-Macaulay ([14, Corollary B.4.1]). It is known that there exists a finite con-
nected simple graph Gr,s with reg(Gr,s) = r and degh(Gr,s) = s for all integers r,s≥ 1 ([7,
Theorem 3.1]).
Recently, the relationship between graph-theoretic invariants match(G), min-match(G),
ind-match(G) and ring-theoretic invariants of the quotient ring K[V (G)]/I(G) has been
studied. As previous results,
• [9, 13] ind-match(G)≤ reg(G)≤ min-match(G)≤ match(G);
• [11, Theorem 11] there is no finite connected simple graphGwith ind-match(G)=
1 and reg(G) = min-match(G) = match(G) = r for all r ≥ 3;
• [5, Theorem 0.1] there exists a finite connected simple graph Ga,r,s satisfying ind-
match (Ga,r,s) = a, reg(Ga,r,s) = r and degh(Ga,r,s) = s for all integers a,r,s with
1≤ a≤ r and s≥ 1.
In the present paper, we study the relationship between match(G), min-match(G), ind-
match(G) and dimK[V (G)]/I(G). We will prove that
Theorem 0.1. Let a,b,c,d be positive integers. Then the following assertions are equiv-
alent:
(1) there exists a finite connected simple graph Ga,b,c,d with ind-match(Ga,b,c,d) = a,
min-match(Ga,b,c,d) = b, match(Ga,b,c,d) = c and dim(Ga,b,c,d) = d;
(2) 1≤ a≤ b≤ c≤ 2b and d ≥max{a,2(c−b)}.
1. PREPARATION FOR THEOREM 0.1
In order to prove Theorem 0.1, we will prepare several lemmata in this section.
Let G = (V (G),E(G)) be a finite simple graph on the vertex set V (G) = {x1, . . . ,xn}
with the edge set E(G). Given any subset W ⊂ V (G), the induced subgraph of G on
W , denoted by GW , is the graph on V (GW ) =W with E(GW ) =
{
{xi,x j} : i, j ∈W
}
. A
subset S ⊂V (G) is an independent set of G if {xi,x j} 6∈ E(G) for all xi,x j ∈ S. Note that
the empty set /0 is an independent set of G. It is known that
Lemma 1.1. dim(G) =max{|S| : S is an independent set of G}.
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Let us recall the definition of S-suspension (see [5, p.313]) of G. Let S ⊂ V (G) be an
independent set of G. Note that 0≤ |S| ≤ dim(G) by Lemma 1.1. The graph GS is defined
by
• V (GS) =V (G)∪{xn+1}, where xn+1 is a new vertex.
• E(GS) = E(G)∪{{xi,xn+1} : xi 6∈ S}.
We call GS the S-suspension of G. Note that G /0 coincides with the suspension [8, p.141]
of G in usual sense. The following lemma mentions the induced matching number and
the dimension of the S-suspension of a graph.
Lemma 1.2 ([5, Lemma 1.5]). Let G be a finite simple graph on the vertex set V (G) =
{x1, . . . ,xn} such that G has no isolated vertices. Let S ⊂ V (G) be an independent set of
G. Then one has
(1) ind-match(GS) = ind-match(G).
(2) dim(GS) =
{
dim(G) (0≤ |S| ≤ dim(G)−1),
dim(G)+1 (|S|= dim(G)).
Remark 1.3. In general, the S-suspension does not preserve the matching number and
the minimum matching number. In fact, let C3 be the 3-cycle on V (C3) = {x1,x2,x3}
with E(C3) = {{x1,x2},{x2,x3},{x1,x3}}. Then match(C3) = min-match(C3) = 1 and
match(C /03) = min-match(C
/0
3) = 2.
Next, we give two lower bounds of dim(G).
Lemma 1.4. Let G= (V (G),E(G)) be a finite simple graph. Then
(1) dim(G)≥ ind-match(G).
(2) dim(G)≥ 2(match(G)−min-match(G)).
Proof. (1) Assume ind-match(G) = a. Let {{x1,xa+1},{x2,xa+2}, . . . ,{xa,x2a}} ⊂ E(G)
be an induced matching of G. Then {x1,x2, . . . ,xa} ⊂ V (G) is an independent set of G.
Hence one has dim(G)≥ a from Lemma 1.1.
(2) Assume min-match(G) = b and match(G) = c. Then we have |V (G)| ≥ 2c. Let
{{x1,xb+1},{x2,xb+2}, . . . ,{xb,x2b}} ⊂ E(G) be a minimum matching of G and putW =
{x1,x2, . . . ,x2b}. Then the induced subgraph GV (G)\W has no edge by definition of min-
imum matching. Hence V (GV (G)\W ) is an independent set of G. Since |V (G)| ≥ 2c and
|W |= 2b, it follows that |V (GV (G)\W )| ≥ 2(c−b). Therefore dim(G)≥ 2(c−b). 
Let s≥ 1 be an integer. Let G
star(xv)
s be the graph on V (G
star(xv)
s ) = {x1, . . . ,xs,xv} with
E(G
star(xv)
s ) = {{xi,xv} : 1≤ i≤ s}; see [6, Figure 2]. We callG
star(xv)
s the star graph. The
star graph is the complete bipartite graph K1,s. The complete graph Kn is the graph on
the vertex set V (Kn) = {x1, . . . ,xn} with its edge set E(Kn) =
{
{xi,x j} : 1≤ i< j ≤ n
}
.
Lemma 1.1 says that dim(G) = 1 if and only if G= Kn. The following lemma mentions
invariants of star graphs and complete graphs.
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Lemma 1.5. Let s≥ 1 be an integer.
(1) Let G
star(xv)
s be the star graph which appears as above. Then ind-match(G
star(xv)
s )=
min-match(G
star(xv)
s ) =match(G
star(xv)
s ) = 1 and dim(G
star(xv)
s ) = s.
(2) Let K2s be the complete graph on 2s vertices. Then ind-match(K2s) = dim(K2s) =
1 and min-match(K2s) =match(K2s) = s.
Lemma 1.6. Let G be a finite simple graph on the vertex set V (G) and W ⊂ V (G) a
subset. Then one has
(1) match(GW )≤match(G).
(2) min-match(GW )≤min-match(G).
(3) ind-match(GW )≤ ind-match(G).
Lemma 1.7. Let G= (V (G),E(G)) be a finite simple graph.
(1) Assume that there exist two edges {xi,x j},{xi,xk} ∈ E(G) such that deg(x j) =
deg(xk) = 1. Then
(a) match(G) =match(GV (G)\{xk}).
(b) min-match(G) =min-match(GV (G)\{xk}).
(c) ind-match(G) = ind-match(GV (G)\{xk}).
(2) match(G)≤
⌊
|V (G)|
2
⌋
.
Lemma 1.8. Let G be a finite disconnected simple graph and G1, . . . ,Gℓ the connected
components of G. Then we have
(1) match(G) = ∑ℓi=1match(Gi).
(2) min-match(G) = ∑ℓi=1min-match(Gi).
(3) ind-match(G) = ∑ℓi=1 ind-match(Gi).
(4) dim(G) = ∑ℓi=1 dim(Gi).
2. PROOF OF THEOREM 0.1
In this section, we give a proof of Theorem 0.1.
Proof. (Proof of Theorem 0.1.)
(1)⇒ (2) : It follows from [4, Proposition 2.1] and Lemma 1.4.
(2) ⇒ (1) : Let a,b,c,d be positive integers satisfying 1 ≤ a ≤ b ≤ c ≤ 2b and d ≥
max{a,2(c−b)}. Put V2b = {v1,v2, . . . ,v2b}.
• Case 1: a= 1,1≤ b= c and d ≥ 1.
Let G
(1)
1,b,b,d be the graph such that
V (G
(1)
1,b,b,d) = V2b∪{x1,x2, . . . ,xd−1}
E(G
(1)
1,b,b,d) =
{
{vi,v j} : 1≤ i< j ≤ 2b
}
∪{{v1,xk} : 1≤ k ≤ d−1} ;
see Figure 1.
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FIGURE 1. The graph G
(1)
1,b,b,d
Then ind-match(G
(1)
1,b,b,d) = 1 since each edge of G
(1)
1,b,b,d contains a vertex belonging to
V2b. We prove min-match(G
(1)
1,b,b,d) = match(G
(1)
1,b,b,d) = b. If d = 1, then G
(1)
1,b,b,1 = K2b.
Hence min-match(G
(1)
1,b,b,1) = match(G
(1)
1,b,b,1) = b by Lemma 1.5. Assume d > 1. Since
K2b is an induced subgraph of (G
(1)
1,b,b,d), by using Lemma 1.5, 1.6 and 1.7, we have b=
min-match(K2b)≤min-match(G
(1)
1,b,b,d)≤match(G
(1)
1,b,b,d)=match(G
(1)
1,b,b,2)≤ b. Thus we
have min-match(G
(1)
1,b,b,d)=match(G
(1)
1,b,b,d)= b. A subset {x1, . . . ,xd−1,v2b}⊂V (G
(1)
1,b,b,d)
is an independent set of G
(1)
1,b,b,d . Hence dim(G
(1)
1,b,b,d) ≥ d by Lemma 1.1. Let W ⊂
V (G
(1)
1,b,b,d) with |W | ≥ d+ 1. Then |W ∩V2b| ≥ 2. Thus W is not an independent set.
Therefore one has dim(G
(1)
1,b,b,d) = d.
• Case 2: a= 1,1≤ b< c≤ 2b and d = 2(c−b).
Let G
(2)
1,b,c,2(c−b)
be the graph such that
V (G
(2)
1,b,c,2(c−b)
) = V2b∪{x1,x2, . . . ,x2(c−b)},
E(G
(2)
1,b,c,2(c−b)
) =
{
{vi,v j} : 1≤ i< j ≤ 2b
}
∪
b⋃
k=1
c−b⋃
ℓ=1
{{vk,xℓ},{vb+k,xc−b+ℓ}} ;
see Figure 2.
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FIGURE 2. The graph G
(2)
1,b,c,2(c−b)
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Then ind-match(G
(2)
1,b,c,2(c−b)) = 1 since each edge of G
(2)
1,b,c,2(c−b) contains a vertex be-
longing to V2b. Since
⋃b
i=1{vi,vb+i} ⊂ E(G
(2)
1,b,c,2(c−b)
) is a maximal matching, one has
min-match(G
(2)
1,b,c,2(c−b)
) ≤ b. Moreover, by virtue of Lemma 1.5 and 1.6, it follows that
b=min-match(K2b)≤min-match(G
(2)
1,b,c,2(c−b)). Therefore min-match(G
(2)
1,b,c,2(c−b)) = b.
Let E(2) =
⋃c−b
i=1
{
{vi,xi},{vb+ j,xc−b+ j}
}
∪
⋃2b−c
j=1 {vc−b+ j,vc+ j}. Then E
(2) is a per-
fect matching of G
(2)
1,b,c,2(c−b)
(i.e. a matching in which every vertex of G
(2)
1,b,c,2(c−b)
is
contained in some edge belonging to E(2)). Hence match(G
(2)
1,b,c,2(c−b)) = c. A subset
{x1,x2, . . . ,x2(c−b)} ⊂ V (G
(2)
1,b,c,2(c−b)
) is an independent set of G
(2)
1,b,c,2(c−b)
. Hence we
have dim(G
(2)
1,b,c,2(c−b)
) ≥ 2(c− b) by Lemma 1.1. LetW ⊂ V (G
(2)
1,b,c,2(c−b)
) with |W | ≥
2(c−b)+1. Then |W ∩V2b| ≥ 1. We may assume v1 ∈W . Assume thatW is an indepen-
dent set. Since deg(v1)= b+c−1 and b< c, we have |W | ≤ |V (G
(2)
1,b,c,2(c−b))|−deg(v1)=
c− b+ 1 < 2(c− b)+ 1, but this is a contradiction. Thus W is not an independent set.
Therefore one has dim(G
(2)
1,b,c,2(c−b)
) = 2(c−b).
• Case 3: a= 1,1≤ b< c≤ 2b and d > 2(c−b).
Let G
(3)
1,b,c,d be the graph such that
V (G
(3)
1,b,c,d) = V2b∪{x1,x2, . . . ,x2(c−b)}∪{y1,y2, . . . ,yd−2(c−b)},
E(G
(3)
1,b,c,d) =
{
{vi,v j} : 1≤ i< j ≤ 2b
}
∪
b⋃
k=1
c−b⋃
ℓ=1
{{vk,xℓ},{vb+k,xc−b+ℓ}}
∪ {{v1,yk} : 1≤ k ≤ d−2(c−b)} ;
see Figure 3.
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FIGURE 3. The graph G
(3)
1,b,c,d
Then ind-match(G
(3)
1,b,c,d) = 1 since each edge of G
(3)
1,b,c,d contains a vertex belonging
to V2b. By the same argument in the Case 2, we can see that min-match(G
(3)
1,b,c,d) = b.
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Since G
(2)
1,b,c,2(c−b) which appears in Case 2 is an induced subgraph of G
(3)
1,b,c,d , hence
match(G
(3)
1,b,c,d) ≥ c from Lemma 1.6. Moreover, G
(3)
1,b,c,2(c−b)+1
is also an induced sub-
graph ofG
(3)
1,b,c,d with |V (G
(3)
1,b,c,2(c−b)+1
)|= 2c+1. Thus, by virtue of Lemma 1.6 and 1.7,
we have match(G
(3)
1,b,c,d) = match(G
(3)
1,b,c,2(c−b)+1) ≤ c. Therefore match(G
(3)
1,b,c,d) = c. A
subset {x1,x2, . . . ,x2(c−b)}∪{y1,y2, . . . ,yd−2(c−b)} ⊂V (G
(3)
1,b,c,d) is an independent set of
G
(3)
1,b,c,d . Hence dim(G
(3)
1,b,c,d) ≥ 2(c− b)+ d− 2(c− b) = d by Lemma 1.1. Let W ⊂
V (G
(3)
1,b,c,d) with |W | ≥ d+1. Then there exists a vertex v ∈V2b. Assume thatW is an in-
dependent set. Since deg(v)≥ b+c−1 and b< c, we have |W | ≤ |V (G
(3)
1,b,c,d)
)|−deg(v)≤
d+b−c+1< d+1, but this is a contradiction. ThusW is not an independent set. There-
fore dim(G
(3)
1,b,c,d) = d.
• Case 4: 1< a≤ b= c and d = a.
Let G
(4)
a,b,b,a be the graph such that
V (G
(4)
a,b,b,a) = V2b∪{x},
E(G
(4)
a,b,b,a) =
a−1⋃
i=1
{v2i−1,v2i}∪
{
{v j,vk} : 2a−1≤ j < k ≤ 2b
}
∪ {{vℓ,x} : 1≤ ℓ≤ 2b} ;
see Figure 4.
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FIGURE 4. The graph G
(4)
a,b,b,a
Let H(4) = (G
(4)
a,b,b,a)V2b be the induced subgraph of G
(4)
a,b,b,a on V2b. Then we can re-
gard that G
(4)
a,b,b,a is the /0-suspension of H
(4) and H(4) is the disjoint union of (a− 1)
K2 and K2(b−a+1). By virtue of Lemma 1.5 and 1.8, it follows that ind-match(G
(4)
a,b,b,a) =
dim(G
(4)
a,b,b,a)= a. Moreover, it is easy to see that min-match(G
(4)
a,b,b,a)=match(G
(4)
a,b,b,a)=
a−1+b−a+1= b.
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• Case 5: 1< a≤ b= c and d > a.
Let G
(5)
a,b,b,d be the graph such that
V (G
(5)
a,b,b,d) = V2b∪{x}∪{y1,y2, . . . ,yd−a−1},
E(G
(5)
a,b,b,d) =
a−1⋃
i=1
{v2i−1,v2i}∪
{
{v j,vk} : 2a−1≤ j < k ≤ 2b
}
∪ {{v2ℓ−1,x} : 1≤ ℓ≤ a}∪{{v1,ym} : 1≤ m≤ d−a−1} ;
see Figure 5.
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FIGURE 5. The graph G
(5)
a,b,b,d
LetH(5) =(G
(5)
a,b,b,d)V2b∪{x} be the induced subgraph ofG
(5)
a,b,b,d onV2b∪{x}. It is easy to
see that ind-match(H(5))= a and min-match(H(5))=match(H(5))= a−1+b−a+1= b.
Hence we have ind-match(G
(5)
a,b,b,d) = a and min-match(G
(5)
a,b,b,d) = match(G
(5)
a,b,b,d) = b
by virtue of Lemma 1.7. A subset {v2,v4, . . . ,v2a−2,v2b}∪{x}∪{y1,y2, . . . ,yd−a−1} ⊂
V (G
(5)
a,b,b,d) is an independent set of G
(5)
a,b,b,d . Hence dim(G
(5)
a,b,b,d)≥ a+1+d−a−1= d
by Lemma 1.1. LetW ⊂V (G
(5)
a,b,b,d) with |W | ≥ d+1. Then |W ∩V2b| ≥ a+1. ThusW
is not an independent set. Therefore dim(G
(5)
a,b,b,d) = d.
• Case 6: 1< a≤ b< c≤ 2b and d ≥ 2(c−b)≥ a.
Let Yd−2(c−b) = {y1,y2, . . . ,yd−2(c−b)}. Let G
(6)
a,b,c,d be the graph such that
V (G
(6)
a,b,c,d) = V2b∪{x1,x2, . . . ,x2(c−b)}∪Yd−2(c−b),
E(G
(6)
a,b,c,d) =
a−1⋃
i=1
{v2i−1,v2i}∪
{
{v j,vk} : 2a−1≤ j < k ≤ 2b
}
∪ {{vℓ,xm} : 1≤ ℓ≤ 2b,1≤ m≤ 2(c−b)}
∪
{
{v1,yp} : 1≤ p≤ d−2(c−b)
}
;
see Figure 6.
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FIGURE 6. The graph G
(6)
a,b,c,d
Let S0 = Yd−2(c−b). For 1 ≤ i ≤ 2(c− b)− 1, we define Si = Yd−2(c−b) ∪{x1, . . . ,xi}.
Then Si are independent sets and |Si| = d−2(c−b)+ i for i = 0,1, . . . ,2(c−b)−1. Let
H
(6)
0 = (G
(6)
a,b,c,d)V2b∪Yd−2(c−b) be the induced subgraph on V2b∪Yd−2(c−b). We can regard
that H
(6)
0 is the disjoint union of the star graph G
star(v1)
d−2(c−b)+1
, (a− 2)K2 and K2(b−a+1).
Hence we have ind-match(H
(6)
0 ) = a and dim(H
(6)
0 ) = d − 2(c− b) + 1+ a− 2+ 1 =
d−2(c−b)+a by Lemma 1.5.
For 1≤ j ≤ 2(c−b), we define H
(6)
j = (H
(6)
j−1)
S j−1 inductively. Then, Lemma 1.2 says
that ind-match(H
(6)
j ) = a for all j = 0,1, . . . ,2(c−b) and
dim(H
(6)
j ) =
{
d−2(c−b)+a (0≤ j ≤ a),
d−2(c−b)+ j (a+1≤ j ≤ 2(c−b)).
Since G
(6)
a,b,c,d = H
(6)
2(c−b), one has ind-match(G
(6)
a,b,c,d) = a and dim(G
(6)
a,b,c,d) = d from
Lemma 1.2.
Note that
⋃b
i=1{v2i−1,v2i} ⊂ E(G
(6)
a,b,c,d) is a maximal matching of G
(6)
a,b,c,d . Hence one
has min-match(G
(6)
a,b,c,d) ≤ b. Moreover, by virtue of Lemma 1.5 and 1.6, it follows that
b = min-match((G
(6)
a,b,c,d)V2b) ≤ min-match(G
(6)
a,b,c,d). Therefore min-match(G
(6)
a,b,c,d)) =
b. Since
⋃2(c−b)
i=1 {vi,xi}∪
⋃2b−c
j=1 {v2(c−b)+2 j−1,v2(c−b)+2 j} is a matching, hence we have
match(G
(6)
a,b,c,d)≥ 2(c−b)+2b− c= c. In addition, since |V (G
(6)
a,b,c,2(c−b)+1
))|= 2c+1,
we also have match(G
(6)
a,b,c,d) = match(G
(6)
a,b,c,2(c−b)+1) ≤ c by Lemma 1.7. Thus one has
match(G
(6)
a,b,c,d) = c.
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• Case 7: 1< a≤ b< c≤ 2b and d ≥ a> 2(c−b).
Let Yd−a = {y1,y2, . . . ,yd−a}. Let G
(7)
a,b,c,d be the graph such that
V (G
(7)
a,b,c,d) = V2b∪{x1,x2, . . . ,x2(c−b)}∪Yd−a,
E(G
(7)
a,b,c,d) =
a−1⋃
i=1
{v2i−1,v2i}∪
{
{v j,vk} : 2a−1≤ j < k ≤ 2b
}
∪ {{vℓ,xm} : 1≤ ℓ≤ 2b,1≤ m≤ 2(c−b)}
∪
{
{v1,yp} : 1≤ p≤ d−a
}
;
see Figure 7.
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FIGURE 7. The graph G
(7)
a,b,c,d
Applying the same argument as in the Case 6, we have that min-match(G
(7)
a,b,c,d) = b
and match(G
(7)
a,b,c,d) = c.
Let S0 =Yd−a. For 1≤ i≤ 2(c−b)−1, we define Si =Yd−a∪{x1, . . . ,xi}. Then Si are
independent sets and |Si| = d−a+ i for i = 0,1, . . . ,2(c−b)−1. In particular, |Si| < d
since a > 2(c−b). Let H
(7)
0 = (G
(7)
a,b,c,d)V2b∪Yd−a be the induced subgraph on V2b∪Yd−a.
We can regard that H
(7)
0 is the disjoint union of the star graph G
star(v1)
d−a+1, (a− 2)K2 and
K2(b−a+1). Hence ind-match(H
(7)
0 ) = a and dim(H
(7)
0 ) = d− a+ 1+ a− 2+ 1 = d by
Lemma 1.5.
For 1 ≤ j ≤ 2(c− b), we define H
(7)
j = (H
(7)
j−1)
S j−1 inductively. Then, Lemma 1.2
says that ind-match(H
(7)
j ) = a and dim(H
(7)
j ) = d for all j = 0,1, . . . ,2(c− b). Since
G
(7)
a,b,c,d = H
(7)
2(c−b)
, it follows that ind-match(G
(7)
a,b,c,d) = a and dim(G
(7)
a,b,c,d) = d. 
Remark 2.1. Let a,b,m,n be non-negative integers with m≤ n and 1≤ n. Let Ga,b,m,n be
the graph which appears in [4, p. 176]. [4, Theorem 2.3] says that ind-match(Ga,b,m,n) =
a+ b+ 1, min-match(Ga,b,m,n) = a+ b+ n and match(Ga,b,m,n) = 2a+ b+ n+m. Note
that
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dim(Ga,b,m,n) =
{
3a+2b+2m (m= n),
3a+2b+2m+1 (m< n).
In particular, we have
• Suppose that ind-match(Ga,b,m,n) = 1. Then a= b= 0. Hence
dim(Ga,b,m,n) =
{
2{match(Ga,b,m,n)−min-match(Ga,b,m,n)} (m= n),
2{match(Ga,b,m,n)−min-match(Ga,b,m,n)}+1 (m< n).
• Suppose that min-match(Ga,b,m,n) = match(Ga,b,m,n). Then a = m = 0. Hence
dim(Ga,b,m,n) = 2ind-match(Ga,b,m,n)−1.
• Suppose that match(Ga,b,m,n) = 2min-match(Ga,b,m,n). Then b = 0 and m = n.
Hence dim(Ga,b,m,n) = 2min-match(Ga,b,m,n)+ ind-match(Ga,b,m,n)−1.
• Suppose that min-match(Ga,b,m,n)<match(Ga,b,m,n)< 2min-match(Ga,b,m,n). Then
0< a+m and m< b+n. Hence dim(Ga,b,m,n)≥ 2ind-match(Ga,b,m,n).
Example 2.2. (1) Let a= 1,b= c= 2 and d = 3. Then
G
(1)
1,2,2,3 =
 ▲▲▲▲▲▲ rrrrrr

 ⑤⑤⑤⑤⑤⑤⑤ ❇❇❇❇❇❇❇
⑤⑤
⑤⑤
⑤⑤
⑤❇❇❇❇❇❇❇
(2) Let a= 1,b= 2,c= 3 and d = 2. Then
G
(2)
1,2,3,2 =


✇✇✇✇✇✇


❄❄❄❄❄❄❄❄❄❄❄
●●●●●●⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧ ✇✇✇✇✇✇●●●●●●
(3) Let a= 1,b= 3,c= 4 and d = 5. Then
G
(3)
1,3,4,5 =


✇✇✇✇✇✇

 
●●●●●● ✐✐✐✐✐✐✐✐✐✐✐✐✐✐ ❙❙❙❙❙❙❙❙❙❙❙ ❦❦❦❦❦❦❦❦❦❦❦❯❯❯❯❯❯❯❯❯❯❯❯❯❯ ✇✇✇✇✇✇●●●●●● K6

⑧⑧
⑧⑧
⑧⑧
⑧

❄❄
❄❄
❄❄
❄ 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(4) Let a= 2,b= c= 3 and d = 2. Then
G
(4)
2,3,3,2 =




❄❄❄❄❄❄❄❄❄❄❄
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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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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✬✬
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✎✎
✎✎
✎✎
✎✎
(5) Let a= 2,b= c= 3 and d = 4. Then
G
(5)
2,3,3,4 =



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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tt
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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(6) Let a= 3,b= 4,c= 6 and d = 5. Then
G
(6)
3,4,6,5 =
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
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
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(7) Let a= 3,b= 4,c= 5 and d = 4. Then
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3,4,5,4 =
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